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Abstract 

This is a comment on the Kuranishi method of constructing analytic deformation 
spaces. It is based on a simple observation that the Kuranishi map can always be 
inverted in the category of Loo-algebras. The Loo-structure obtained by this inversion 
. is used to define an "unobstructed" deformation functor which is always representable 

I by a smooth pointed moduli space. 

The singular nature of the original Kuranishi deformation space emerges in this 
setting merely as a result of the truncation of this "naive" Loo-algebra controlling the 
deformations to a usual differential Lie algebra. 



1 Introduction 

> 

. 1.0. Typical moduli problems in geometry are plagued with obstructions and associated 

^ ! singularities. It is noticed in this paper that, in the situations when the Kuranishi method 

Q I of constructing an analytic deformation space applies, there is always a "naive" way of 

On ■ bypassing (rather than overcoming) the obstructions by suitably extending the deformation 

^ ' problem from the categories of associative or Lie algebras to the associated strong homotopy 

^ I The singular nature of the original Kuranishi deformation space emerges in this setting 

merely as a result of the truncation of the "non-obstructed" Loo-algebra controlling the 
deformations to a usual differential Lie algebra. 



versions. The resulting moduli spaces are always smooth. 



^ I The paper is based on a simple observation that, roughly speaking, the Kuranishi map 

can always be inverted in the category of Loo-algebras. 

To make the above statements more clear, we shall remind in the next subsection a 
few facts about the Deformation Theory, and then formulate the main results again. 

1.1. The deformation functor. The standard approach to constructing the analytic 
deformation space of a given mathematical structure A consists of two key steps [^, [1^, 
SUSS: 

1) Associate to ^ a "controlling" differential graded Lie algebra (g = 0fcgz0'^,'i, [, ]) 
over a field k (which is usually R or C) and define the deformation functor 

the category of Artin 
Def^ : \ A;-local algebras B ^ — > {the category of sets} 

with maximal ideals 



^more precisely, quasi-isomorphic to a differential Abelian Lie algebra 



1 



as follows 



Def^iB) = |r G C(g msY \dT + ^[T,T] = 



where C(0®me)^ is a complement to the 1-coboundaries, (i(0®mB)°, in (g^mg)^ and 
B is viewed as a Z-graded algebra concentrated in degree zero (so that {q "Tig)* = 

2) Obtain a Hodge theory on g and apply the Kuranishi construction to represent the 
deformation functor by a germ, Op, of the structure sheaf on a pointed analytic space 
(/C>G/C°). 

The basic examples are the differential graded algebras {TM^Q'^^'M, d, Schouten bracket) 
and {E E* fi'^'^M, 9, standard bracket). The first controls deformations of a given 
complex structure on a smooth manifold M, while the second controls deformations of 
holomorphic structures on a given complex vector bundle E M. 

The tangent space, Def^(fc[£]), to the functor Def^ is isomorphic to the first cohomology 
group H^(g) of the complex (g, d). If one extends in the obvious way the above deformation 
functor to the category of arbitrary Z-graded A;-local Artin algebras (which may not be 
concentrated in degree 0), one gets the functor Defg with the tangent space isomorphic to 
the full cohomology group H*(0). Moreover, if (g, c?, [, ]) happens to be formal, one can 
construct an associated Kuranishi moduli space JC^ representing Def^ p. 

This extended deformation functor Def^ has been used recently, in the mirror sym- 
metry context, by Barannikov and Kontsevich |^ in constructing the smooth extended 
moduli space of complex structures on a Calabi-Yau manifold. According to Kontsevich's 



homological mirror symmetry conjecture the "extended holomorphic deformations 



of a complex vector bundle on a Calabi-Yau manifold may also play an important role in 
mirror symmetry (cf. [^). The extended moduli space of special Lagrangian submanifolds 



in a Calabi-Yau manifold was constructed in [IS 



1.2. Obstructions. If the Lie algebra (g, c?, [, ]) is such that H^(g) 7^ 0, then the asso- 
ciated deformation functor Def^ is usually obstructed in the sense that the local moduli 
space /Cg has singularities. 

On the other hand, if the Lie algebra (g, d, [ , ]) is formal but the induced Lie bracket 
on its cohomology, 

[,]:H*(g)xH*(g)-^H*(g), (1) 

is non-vanishing, the same problem plagues the extended deformation functor Defg — the 
associated Kuranishi moduli space /Cg is singular. 

1.3. Bypassing the obstructions. It is shown in Sect. 3 of this paper that the Hodge 
theory on (g,d, [, ]) gives rise canonically to the structure of a Loo-algebra on the vector 
space g, i.e. to a set of linear maps /i„ : A'"g — *• g[2 — n] satisfying the higher Jacobi 
identities. We use this structure to define a modified deformation functor, 

MDef^iB) = |r G C(g ® m^)! | —^^^ /^^(r, • • • , L) = o| , 
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which associates to a concentrated in degree zero Z-graded ArtinQ algebra B with the 
maximal ideal a set of solutions to the Maurer-Cartan equations in the L^o algebra 
/i*). Here C(0(8)me)^ is a complement to in {q^^bY (alternatively, 

we may replace above the subspace C{q<S) rrisY by (fl ® i^bY and take the quotient by a 
natural gauge equivalence; this change is possible because (g, is quasi-isomorphic to a 
differential Abelian Lie algebra). 

Analogously, one defines the extended deformation functor MDef^ (by simply omitting 
the words concentrated in degree zero in the sentence above). 

The main results of the paper are 

(i) The functor MDef^ is always representable by an analytic germ, Op, of a smooth 
pointed moduli space (A^°,p G A^g); the tangent space to at p is canonically 
isomorphic to H^(g). 

(ii) The original Kuranishi moduli space /C^ space arises in this setting as an analytic 
subspace in where both functors, the classical one, Def^, and the modified one, 
MDefJ , agreeQ. 

If the obstructions vanish, H^(fl) = 0, then MDefJ ~ DefJ and /C° ~ M^. 

(iii) The functor MDefg is always representable by an analytic germ. Op, of a pointed 
smoot/imoduh superspace {J^^,p G A^g); the tangent space to Alg at p is canonically 
isomorphic to H*(g). 

(iv) If the differential Lie superalgebra (g,(i, [, ]) is formal and the obstruction map (|l]) 
vanishes, then MDef^ ~ Def^ and AlJ ~ /Cj. 

The paper is organized as follows. In Sect. 2 we give a brief introduction into the 
theory of Loo-algebras and list a few necessary facts about Maurer-Cartan equations. In 
Sect. 3 we construct a particular Loo-algebra used in the definition of the functor and prove 
the main results (i)-(iv) stated above. 

A few words about notations. The category Z-graded vector spaces over a field k 
contains an object [1] = 0jg2[l]* defined by 



Its tensor powers are denoted by [n], and the tensor product of a graded vector space 
= 0iez0* with [n] is denoted by g[n]. A homogeneous vector v & q viewed as an element 
of g[n] is denoted by v[n]. 

For a homogeneous element G 0* C g we write v := i mod 2Z G Z2. Analogously, for 
an integer n G Z we write n = n mod 2Z. 

^our apologies for this awkward series of adjectives, but its truncation leads to a very different object, 
see below. 

^With MDef° one can canonically associate a truncated deformation functor, mDef"(;B) :~ 
{r e C(g mg)^ I dT + |Ai2(r, r) = 0, /i„>3(r, . . . , r) = 0}, which is representable by a pointed analytic 
subspace {AIg,p) C {A4g,p); the word agree in the text means that mDef^ ~ Def^ and ~ /C°. 




3 



If one is interested in the extended deformations functors Defg or MDefg only, the Z- 
grading above and below can be safely replaced by the associated Z2-grading — no essential 
information will be lost. 

2 Strong homotopy algebras and Maurer-Cartan equa- 
tions 

2.1. Loo-algebras. A strong homotopy Lie algebra, or shortly L^o- algebra, is by definition 
a Z-graded vector space q equipped with linear maps, 

fik : A'^fl — > 0[2 - k] 

Vi<»...®Vk — > fik{vi, . . . ,Vk), k>l, 

satisfying, for any n > 1 and any Vi, . . . ,Vn & V, the following higher order Jacobi identities, 
^ 5Z (-l)'^^''^'~^^e(cr;t;i, . . .,Vn)fii (/ifc(va(i), • • . ,Va(k)),v^(k+i), ■ ■ • ,t'<7{n)) = 0, 

k+l=n+l cTeSh(k,n) 

(2) 

where Sh{k,n) is the set of all permutations a : {1, . . . ,n} {1, . . . ,n} which satisfy 
cr(l) < ... < a{k) and a{k + 1) < ... < a{n). The symbol e{a;vi, . . . ,Vn) (which we 
abbreviate from now on to e(cr)) stands for the Koszul sign defined by the equality 

Va{i) A . . . v^^n) = (-l)'^e(o-)t;i A...AVn, 

a being the parity of the permutation a. 

This notion and the associated notion of 74oo-algebra (reminded below) are due to 



Stasheff 19, 20, 21 



The first three higher order Jacobi identities have the form 
n = l: d^ = 0, 

n = 2: d[vi,V2\ = [dvi,V2\ + {-iy'[vi, dv2\, 

n = 3: [[vi,V2],v.s] + {-lY^^+^^)^^ [[v^, vi],V2] + (-l)*i(*^+*^)[h, t^s], t^i] = -c//i3(fi, t^s, v^) - 

fJ,3{dVi,V2,V3) - {-iy^fJ-3{vi,dV2,V3) - {-1)''^^'''' fJ-3{vi, V2, dvs) , 

where we denoted dvi := fJ-iivi) and [^1,^2] := fJ'2{vi,V2). 

Therefore Loo-algebras with (Ufe = for A; > 3 are nothing but the usual graded differ- 
ential Lie algebras with the differential and the Lie bracket given by //2- If, furthermore, 
/ii = 0, one gets the class of usual graded Lie algebras. 
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2.2. Another (conceptually better) definition of L^o algebra. Let be a Z-graded 
vector space and let Q*W = Q"'W be the associated symmetric tensor algebra with 

its induced Z-grading. We equip Q*W with the structure of cosymmetric coalgebra by 
setting 

n 

A{wi Q . . .QWn) = ^ ^ e(cr) (w^^i) ... W^(^i)) (Wad+l) ... W^(n)) ■ 
«=1 (T<^Sh{i,n) 



2.2.1. Fact [|^. A Loo-algebra structure on a graded vector space g is equivalent to 



a 



CO differential on the coalgebra (0*(g[l]), A), i.e. to a linear map 

Q:0*(0[1])^(©*(0[1]))[1] 

satisfying the conditions 

(i) A o Q = (g Id + Id Q) o A, 

(ii) = 0. 

The first condition simply says that Q is a coderivation of the coalgebra (0*(g[l]), A) and 
hence is completely determined by the compositions ("values in cogenerators" ) , 

An : 0"(0[1]) 0*(0[1]) ^ (0*(0[1])) [1] 0[2], 

for all r?, > 1. Then the second conditions imposes an (infinite, in general) set of quadratic 
equations for these tensor maps fin- 
The natural isomorphism 

0"(0[1])^(A*0)M 
identifies the maps fin '■ 0"(0[1]) fl[2] with the maps /i„ : A"g ^ g[2 — n], 

fl{v,[l], . . .,Vn[l]) = (-l)^"-l("-^)^'+>n(^l, . ..VnM. 

The homological condition = translates then precisely into the higher Jacobi identities 
(0) (see for the proof). 



2.3. Loo-morphisms. Given two Loo-algebras, (g,/^*) and (g',/i'^). A Loo-morphism F 
from the first one to the second is, by definition, a differential coalgebra homomorphism 

F:(0*(g[l]),A,g) — (0*(g'[l]),A,Q')- 

It is completely determined by a set of linear maps F„ : 0"'(g[l]) (or, equivalently, 

by Fn : A^g — > g'[l — n])) satisfying an (infinite, in general) set of equations. In the case 
when (g', /i^) is a differential Abelian Lie algebra (i.e. /x^ = for n > 2) these equations 



take the form |TH] 



k+l=n+l aeSh(k,n) 

(3) 
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where we denoted d = 

A Loo-morphism F : (fl',/^*) is called a quasi-isomorphism if its first compo- 

nent Fi : — > 0' induces an isomorphism between cohomology groups of complexes (0,/ii) 
and It is called a Loo-isomorphism, if Fi : g — > f) is an isomorphism of graded 

vector spaces. 

A differential Lie algebra {Q,d,[, ]) is called formal if it is quasi-isomorphic to its 
cohomology (H*(fl),0, [, ]). 

2.3.1. Fact [|^. If the Loo-morphism F : — > (0',/i!,,) is a quasi-isomorphism, then 
there exists a Loo-morphism F' : — (0,/i*) which induces the inverse isomorphism 

between cohomology groups of complexes and 

A similar statement holds true for Loo-isomorphisms. 

2.4. Maurer-Cartan equations. Let (g, /i^,) be a Loo-algebra. A subset A4C{q) C g of 
solutions to Maurer-Cartan equations is defined formally as follows^ 



(_l)k(k+l)/2 

MC{q) = \Te&'\J2-^,^ /ifc(r,...,r) = o 



k=l 



= |r G gM rfr + i^2(r, r) - ^ji^ir, r, r) - i/i4(r, r, r, r) + . . . = o| . 

If /i„ = for n > 3, the equation on the r.h.s. reduces to the standard Maurer-Cartan 
equation in a differential Lie algebra. 

2.4.1. Fact [1,0. Let F : (g,/i*) — > (g',/^'^) be a Loo-morphism between two Loo- 
algebras. If F is such that Fi provides an isomorphism of complexes (0,/ii) and (g',//'^), 
then A^C(g) = AiC{Q'). In particular, the deformation functors MDefg and MDefg^ are 
equivalent. Moreover, the last statement remains true under a weaker assumption that F 
is a quasi-isomorphism. 



2.5. A geometric interpretation of a Loo-algebra. The dual of the free cocom- 
mutative coalgebra 0*(g[l]) can be identified with the algebra of formal power series on 
the vector superspace g[l] viewed as a formal Z-graded supermanifold (to emphasize this 
change of thought we denote the supermanifold structure on g[l] by Mg[i]). With this 
identification the codifferential Q on 0*(g[l]) goes into a degree +1 vector field Q on Mg[i] 
satisfying the following two conditions 

a) = 0; 

b) Q|o = 0. 

The set AiC(g) is then precisely the subset in Mg[i] where Q vanishes [0. A Loo- 
morphism F between two Loo-algebras (g, Q) and (g', Q') is nothing but a Q-equivariant 
map between pointed formal graded supermanifolds (Mg[i], 0) and (Mg/[i], 0). In this setting 

"^In our context AiC is applied only to Leo-algebras of the form g ® m, where m is the maximal ideal of 
an Artin algebra (or its completion); hence no convergence problem arises. 
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the Fact 2.4.1 becomes very transparent: the morphism F evidently maps zeros of Q into 
zeros of Q'. 

Since = 0, for any vector field a on Mg^ij the associated vector field [Q, a]|;v(c(g) 
tangent to J^C{q). Moreover, since 

[[Q,a],[Q,(3]] = [Q, [a, [Q, /?]]], 

such vector fields form an integrable distribution on M.C{q) [jl2|, ^. The leaves of this 
distribution define a natural gauge equivalence on AiC{g). 

We refer to the nice exposition of Kontsevich [0 for more details on this geometrical 
model. 

2.6. r-deformed Loo-structure. Let or equivalently {q,Q), be a Loo-structure 

on a graded vector space q. There is an odd (more precisely, degree +1) linear morphism 

identifying elements of g with constant vector fields on the supermanifold Mg[i] . In partic- 
ular, an (odd) element F of give rise to an (even) constant vector field ^'(F) on Mg[i] 
which in turn defines a local diffeomorpism (the shift by — F[l]) and hence an associated 
morphism of Lie algebras of formal vector fields, 

^adnr), r(Mg[i],TM,[i]) F(Mg[i],rM,[i]) 

V _^ e''''''<^''\V) = V+[<iliT),V] + ^[^{T),[^{T),V]] + .... 

2.6.1. Theorem. Let {g,Q) be a Loo-algebra. For any F G AiC{Q), the associated data 

(0, Qr := e^'^^^^Q) 

is again a Loo-algebra. 

Proof. The F-deformed vector field Qr is clearly homological. 
The main point is that the condition 

Qr|o = 

holds precisely when F is a solution of the Maurer-Cartan equations with respect to the 
original Loo-structure Q. □ 

The differential of the F-deformed Loo-structure {g,Qr) is given explicitly by 

~ ('_l)fc(fc+l)/2 

d^v = -2^ /ifc(r,...,F,^) 

= dT + fi2iT,v)-^fis{T,T,v)-^ji,{T,T,T,v) + ..., (4) 

where v E g. 
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2.7. Aoo-algebras. A strong homotopy algebra, or shortly Aoo- algebra, is by definition a 
Z-graded vector space A equipped with hnear maps, 

rrik : <S)''A — > A[2 - k] 

ai ® . . . afc — > nikiai, . . . ,ak), k>l, 

which satisfy, for any n > 1 and any Oi, . . . , a„ G A, the following higher order associativity 
conditions, 

^(-l)'"mfc (ai, . . . ,aj,mi{aj+i, . . . ,aj+i),aj+i+i, . . . ,0^) = 0, (5) 

k+l=n+l j=0 

where r = l{ai + . . . + aj) 1) + {k - 1)1. 

It is easy to see from (^) that Aoo-algebras with nik = for A; > 3 are nothing but the 
usual graded differential associative algebras {A, d, ■) with the differential d = fii and the 
associative multiplication given by ai ■ 02 = m2{ai, 02). 

There is a natural functor 

the category of Aoo-structures 1 J the category of Loo-structures 

on a graded vector space V \ 1 on a graded vector space V 



given by ||T5[ 

^{mn){vi, ...,Vn)= (-l)'^e(o-)m„(t;^(i), . . .,v^^n)), 

ainSn 

where Sn is the permutation group on n elements. This is a generalization of the usual 
construction of the Lie algebra out of an associative algebra. 

3 An unobstructed deformation functor 

3.1. Theorem. Let {Q,d, [,]) be a differential graded Lie algebra, and let t] : q ^ 
be any linear map. Then the formulae 



l^2{Vl,V2) 



dvi 

{drj + 7]d) [vi,V2] 



UniVi,. . . ,Vn) ■■= (-1)" ^ i-lVe{a)r][fin-l{v^^i),. . . ,V^(n-l)),Va(n)] (6) 

aGSh{n—l,n) 

define inductively a structure of Loo-algebra on the graded vector space Q. 
Proof (an outline). We have to show that the tensors 

k+l=n+l (7eSh{k,n) 
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= d^n{vi, ...,Vn) + ^(-1)" ^^'"^■■■^'''~'/i„(fl, ...,Vi, dVi, Vi+i, . . . , Vn) 

i=l 

crGSh{n—l,n) 

fc+i=n+i creSh{k,n) 
fc + l,i>3 

constructed out of the maps fi^ defined above vanish for all n > 2 and all f i, . . . , v„ G g. 

For n > 3, 

dlIn{Vl,...,Vn) = (-1)" ^ {-iye{a)dr][(J,n-liv^^i),. . . ,V^^n-l)),V^(n)] 

cr£Sh(n-l,n) 

= (-1)" Y (-l)''e(0-)/i2 [yU„_i(D^(l), . . . 
(7€Sh{n-l,n) 

(7G5/i{n-l,n) 

Substituting this expression into . . . , Vn), one gets, after tedious but straightforward 

algebraic manipulations, a recursion formula 

= (-1)"+^ ^ (-l)'^e((T)g [<l>„_i(t)^(i),...,^;<,(„_i)),i;^(„)] , n > 3. 

crGSh{n—l,n) 

Since $i(vi) = d'^vi = and 

$2(^^l, V2) = dH2{Vi, V2) - fi2{dVi, V2) - {-iy^fi2iVi,dV2) 

= dr]d[vi, V2] - dr][dvi, V2] - {-iy^dri[vi, dv2] 
= 0, 

the required statement follows. □ 

3.1.1. Remark. Let (fl, rf, [ , ], ?7 : — >■ s) be the same data as in Theorem 3.1. Setting 
formally Ai := —r]^^ we define a series of linear maps, 

A„:A"0^0[2-n], n>2, 

by a recursive formula (cf. |T^) 

Xnivi,...,Vn) ■■= ^ ^ (-l)'^+''e(o-) [?7Afc(t;„(i), . . . ,f^(fc)),r^A/(t;^(fc+i), . . . , 

k+l=n aeSh(k,n) 

k,l>l 

where r = k+ l + {l — l)('i;o-{i) + . . . + Va{k))- Then the data 

nil := d 

nin := (1 - [d, 77])A„, forn > 2, 

define a structure of Loo-algebra on g which is, in a sense, complementary to the one given 
in Theorem 3.1. We do not use this structure in the paper and hence omit the proof. 
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3.1.2. Remark. The Theorem 3.1 has an A^o analogue. Let {A,d,-) be a differential 
graded associative algebra and let i] : A ^ be any linear operator. Then the formulae 



mi(ai) 
771,3(01,02,03) 



dvi 

{dr] + r]d){ai ■ 02) 

V (-^-2(01, 02) ■ 03 + oi ■ 771,2(02, 03)) 



r7i„(oi, . . . ,a„) := ((-1)"?tt,„_i(oi, . . . , a„_i) ■ o^ + (-1) 



(n— 1)5,1 



oi ■ m„_i(,02, . . . ,o„ 



)) 



define a structure of Aoo-algebra on the vector superspace A. We omit the proof. 

3.2. Theorem. Let {Q,d, [,]) be a differential graded Lie algebra and rj : g —>■ g[— 1] 
any linear map. Then the Kuranishi map K : A*q — >■ g[l — *] given by its homogeneous 
components as follows 



Kn{Vi, . ..,Vn) 



V[Vl,V2] 





for n > 3, 



defines a Loo-isomorphism between the Loo-structure (0,/i*) induced on g by Theorem 3.1 
and the differential Abelian Lie algebra (g,(i, 0). 

Proof. The equations (§) defining Loo-morphisms into an a differential Abelian Lie algebra 
take, in our case, the form 



n = I 
n = 2 
n> 3 



dvi — dvi = 0, 

dQ[vi,V2] - fi2{vi,V2) + Q[dvi, V2] + {-lY'^Qlvi, dV2] = 0, 



fIn[Vu ■■■,Vn)- (-1)" Eae5ft{n-l,n)(-l)^e(or)?7 [^„_l(v^(l), . . . , WaCn-l)) , ^^<x{n)] = 0. 

They are all obviously satisfied. □ 

Therefore, the "naive" Loo-structure (^ on g is precisely the one obtained from the 
differential Abelian Lie algebra (g, d, 0) by inverting (in the category of Loo-algebras) the 
Kuranishi |T^, |n[ map. This is a key observation of the paper from which everything else 
follows. 



3.3. Corollary. It follows from Theorem 3.2 and Fact 2.4.1 that the deformation functor 



the category of 
MDef^ : { graded Artin 

/c-local algebras 

B 



{the category of sets} 

Mfc{r,...,r)=o 



rG{s(><DmB)l|Er=l ^^^d 



natural gauge equivalence 
is equivalent to the deformation functor 

{r G (g^me)! I rfr = 0} 



Defg : B 



Im d 
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which is pro-represent able by the graded algebra A:[[tH*]] of formal power series on the 
[l]-shifted cohomology space, 

viewed as a graded linear supermanifold. Hence MDefg is always pro-representable by a 
germ of a pointed formal supermanifold {J^^,p) which is isomorphic to the completion of 
the analytic germ Oq of the pointed supermanifold (H*,0). 

Similarly, the deformation functor MDef^ (defined in the Subsect. 1.3) is always 
pro-representable by the algebra of formal power series on the vector superspace H-*- = 
nH^(0,(i), n being the parity change functor. The associated formal pointed manifold we 
denote by (A^g,p). 

3.4. A versal solution to the Maurer-Cartan equations. Let us fix a basis [70,] of 
H*(g,d). It defines an associated basis 7o[l] in H* and hence a set of linear coordinates 
{t"}. Let 7a, e Kei d be any representatives of the cohomology classes [70,] in q. Then 

m :=5^7X 

a 

is a versal solution to the Maurer-Cartan equation in the Abelian Lie algebra (0®fc[[tH*]]) d, 0). 
By Theorem 3.3 and Fact 2.4.1 any formal power series 

r(t) = J^t^r, + r„,a,t"^r^ + . . . g (g ® k[[tnA]Y 

satisfying the equation 

m = 5^-K.(r(t),...,r(t)) 



n=l 



m + lv[r,r] (7) 



gives a versal solution to the Maurer-Cartan equation. 



^ ,_i\fe(fe+l)/2 

Y.-^i — f^k{m,---,m) = o, (8) 

k=l 



in the Loo-algebra (g ® /i:[[iH*]]i /^*)- The equation (J^) is easily solved by 

T{t) = Ti{t) + T2{t) + . . . + Tn{t) + . . . 

where 

a 

r2 = -^r^[ri(t),ri(t)], 

Ts = -^r/([ri(t),r2(t)] + [r2(t),ri(t)]), 



= -lv{j2l^k{t),T^-k{t)]] (9) 



,k=l 
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This is a well known power series [|^, |T^, [T^, |^ playing a key role in the deformation theory. 
Therefore, it has a very simple algebraic interpretation within the category of Loo-algebras. 

3.4.1. Remark. The same formulae (^) describe a versal solution of the Maurer-Cartan 
equations in the Loo-algebra (g ® A;[[tHi]]5 A**)- 

3.5. Hodge structures. Assume that the graded differential Lie algebra {g,d,[, ]) is 
equipped with a norm || ||i on each C making g* into a normed vector space such that 
both the differential (i : g* ^ g*+^ and the Lie bracket [ , ] : g* x g-' — > g*"'"-' are continuous. 
Assume also that there exists a projection 

Fh : — H 

and a linear operator r] : g — > 0[~1] such that the Hodge decomposition holds 

Id = Fh + dr] + rjd, 

and similarly for the completion of g with respect to the norm. In the usual Hodge theory 
rj = d*G, where d* is the adjoint to d and G is the Green function. 

3.5.1. Smoothness. Using the implicit function theorem in a Banach space as in one 
easily shows that the pointed formal supermanifold {Ai^,p) representing the functor MDef^ 
has a natural smooth analytic structure which makes {Ai^,p) analytically diffeomorphic 
(with respect to the Kuranishi map) to a neighbourhood of zero in the vector space H* (it 
is also easy to show that, for sufficiently small t, the power series (^ is convergent [|TU], |^). 
This proves the Claim (iii) in the Introduction. 

In a similar way one provides the pointed moduli space [Ai^^^p) representing the func- 
tor MDef^ with a smooth analytic structure in such a way that the Kuranishi map becomes 
an analytic equivalence between {Ai^,p) and (H-'-,0). Hence the Claim (i) follows. 

3.5.2. Vanishing obstructions. Assume that in a formal differential Lie algebra (g, rf, [ , ]) 
the induced map 

[,]:H*(g)xH*(g)^H*(g), (10) 
is zero. Put another way, for any Vi and ^2 in g, 

PH[Pn{vi),PHiv2)] = 0. 
Then there is a chain of quasi-isomorphisms 

Kuranishi 

(0,/^*) ^ (g,rf,0)^(H,0,0)^(g,d,[,]), 

connecting the Loo-structure (^ with the original differentiable Lie algebra structure on 
g. By Fact 2.4.1, the deformation functors MDef^ and Defg are equivalent. This in turn 
implies that the completion of the analytic germ of the pointed moduli space {Ai^,p) 
(constructed in Subsect. 3.5.1) is isomorphic to the completion of the analytic germ of the 
classical Kuranishi pointed moduli space (/Cg,p) (constructed in |jT3|, |14|, |^). By 0, the 
analytic equivalence of {Ai'^,p) and (/Cg,p) follows. This completes the proof of the Claim 
(iv) in the Introduction. 
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3.5.3. Non-vanishing obstructions. The classical Kuranishi moduli space /Cg is an 
analytic subspace in given by the equations [|l^, |l^ 



where T{t) G A;[[tHi]] is the versal solution @ (see Remark 3.4.1). 
For any t E IC^ one has 

^2{r{t),T{t)) = {drj + r]d)[T{t),T{t)] 

= (i-FH)[r(t),r(t)] 
= [r(t),r(t)], 

^,{T{t),T{t),T{t)) = -3r/[[r(t),r(t)],r(t)] = 0, 



and hence 

^„(r(t), . . . , T{t)) = i-irnr^ [/u„-i(r(t), . . . , r(t)), r(t)] = o 

for all n > 3. Therefore, the classical Kuranishi space /Cg is precisely the subspace of TWg 
where the Maurer-Cartan equation (|) of the Loo-algebra (^) degenerates into the following 
one, 

dr(t) + i[r(t),r(t)] = o. 

This is exactly the Maurer-Cartan equation of the differential Lie algebra (g, rf, [ , ]). This 
explains the Claim (ii) in the Subsect. 1.3. 

3.6. Open questions and speculations. If H^(0,(i) = 0, then, evidently, Ai^ ~ /Cg 
and the deformed differential (^) degenerates into a usual linear connection 

dr = d + adr. 

If obstructions do not vanish, then dr has terms higher order in F. Though it is still 
"flat", dp = 0, this object is no more a linear connection. It seems that, for a geomet- 
ric interpretation of the smooth moduli space in the case [, ]) = {E ® E* ^ 
(]°''M,«9, standard bracket), E being a holomorphic vector bundle over a complex man- 
ifold M, one should switch from the category of projective modules to the category of 
strong homotopy modules over the differential algebra (f2°'*M, 9) (cf. 0]) or even over its 
Aoo-versions. 

If M is a Calabi-Yau manifold, then the moduli space Ai^ associated with the differ- 
ential graded algebras [A'TM fi°'*M, d, Schouten bracket) is precisely the Barannikov- 
Kontsevich extended moduli space of complex structures. To understand Ai^ for a 
general compact complex manifold, one should probably think about a strong homotopy 
generalization of the notion of odd contact structure on a complex super manifold. 
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